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We formulate quantum mechanics as an effective theory of an underlying structure characterized
by microstates |Mj(t)〉, each one defined by the quantum state |Ψ(t)〉 and a complete set of commu-
tative observables Oj . At any time t, |Mj(t)〉 corresponds to a state |Ojk〉, for some k depending on
t, and jumps after time intervals whose duration, of the order of the Compton time τ , is proportional
to the probability |〈Ojk|Ψ(t)〉|
2. This reproduces the Born rule and mimics the wave-particle duality.
The theory is based on a partition of time whose flow is characterized by quantum probabilities.
Ergodicity arises at ordinary quantum scales with the expectation values corresponding to time av-
eraging over a period τ . The measurement of Oj provides a new partition of time and the outcome
is the state |Ojk〉 to which |M
j(t)〉 corresponds at that time. The formulation, that shares some
features with the path integral, can be tested by experiments involving time intervals of order τ .
Introduction and summary.—We show that quantum
mechanics can be formulated in terms of ergodic average
of microstates. The key point is that physical states have
determined quantum numbers for time intervals which
are of the order of Compton time
τ =
h
mc2
. (1)
The role of the Schro¨dinger equation is to determine a
partition of time by fixing the evolution of probabilities.
A quantum state |Ψ(t)〉 and a complete set of commut-
ing observables (CSCO) Oj define a microstate |Mj(t)〉
describing Oj with defined values and jumping at given
times. The set of probabilities associated to the eigenval-
ues Ojk’s is proportional to the time interval during which
|Mj(t)〉 corresponds to |Ojk〉. At the quantum scales such
jumps mimic the wave-particle duality behavior.
The formulation reproduces the results of quantum me-
chanics, in particular the Born rule, with corrections of
the order of τ that may be experimentally tested. The
expectation value of the observables corresponds to the
time averaging over a cycle of length τ . The outcome of
a measurement of Oj at time t is just the eigenvalue of
the self-adjoint operator Oˆj acting on |Mj(t)〉.
Some features of the formulation resemble the inter-
mediate time partition [1] in the Dirac-Feynman path
integral [1][2].
Time partition by quantum probabilities.—Let |Ψ(t)〉
be a normalized quantum state in a Hilbert space H. Set
∆N := (Nτ, (N + 1)τ ] , (2)
with N = [t/τ ] the integer part of t/τ . In the following,
for anyN , we make a partition of ∆N by the probabilities
|〈Ok|Ψ(t)〉|
2, with {Ok} the spectrum of the self-adjoint
operator Oˆ associated to the observable O.
For any Ok and N , fix a set of 2nk ordered times
Nτ ≤ tk,1(N) < . . . < tk,2nk(N) ≤ (N + 1)τ , (3)
satisfying the condition
nk∑
j=1
(tk,2j(N)− tk,2j−1(N)) = |〈Ok|Ψ(Nτ)〉|
2τ . (4)
Define, for j ∈ [1, nk], the sets with empty intersection
Ik,j(N) = (tk,2j−1(N), tk,2j(N)] . (5)
We require empty intersection even for the time intervals
associated to each pair Oj , Ok, j 6= k, that is
Ij,l(N) ∩ Ik,m(N) = ∅ . (6)
Consider the subset of ∆N
{|Ψ(t)〉, Ok} := Ik,1(N) ∪ . . . ∪ Ik,2nk(N) , (7)
and note that (3), (4), (6) and the condition∑
k
|〈Ok|Ψ(t)〉|
2 = 1 , (8)
imply that the tk,j(N)’s also satisfy the relation⋃
k
{|Ψ(t)〉, Ok} = ∆N . (9)
The above construction provides a partition of time that
depends on |Ψ(t)〉 and {Ok}. This means that the quan-
tum probabilities, seen as independent data, constrain
the events and therefore the time flow. In the case
of a time independent Hamiltonian H , the coefficient
|〈O|Ψ(t)〉| is time independent when [H, Oˆ] = 0. It fol-
lows that the times tk,j(N)’s associated to the observ-
ables commuting with a time independent Hamiltonian
can be chosen in such a way that
tk,j(N) = Nτ + tk,j(0) . (10)
In this case the length of the intervals Ik,j is independent
of N . It follows that such observables, and in particular
2the Hamiltonian, play a special role as each eigenvalue
Ok defines nk time intervals of period τ .
Time and observables.—Here the Schro¨dinger equation
describes the evolution of time partition. A related quan-
tity is the step function
Sk(t) :=
{
1 if t ∈ {|Ψ(t)〉, Ok} ,
0 if t /∈ {|Ψ(t)〉, Ok} .
(11)
that satisfies remarkable properties. First, we have
< Sk(t) >τ= |〈Ok|Ψ(Nτ)〉|
2 , (12)
where < · >τ denotes the time average
< f(t) >τ :=
1
τ
∫
∆N
dtf(t) . (13)
Next, (6) and (9) imply that for all t > 0 there is one
and only one value of k such that Sk(t) 6= 0. Hence,∑
k
Sk(t) = 1 . (14)
For all t > 0 and j, k, we have the key relation
Sj(t)Sk(t) = δjkSj(t) , (15)
that can be interpreted as an intriguing orthonormality
condition with indexes j, k and t.
We associate to each Ok a function of t which takes
the value Ok in Ik,j(N) if t ∈ Ik,j(N) and 0 otherwise
Ok(t) := Sk(t)Ok , (16)
and set
O(t) =
∑
k
Ok(t) . (17)
We have Oˆ(t)|Ok〉 = Ok(t)|Ok〉, where
Oˆ(t) :=
∑
k
Ok(t)|Ok〉〈Ok| . (18)
Note that for t /∈ {|Ψ(t)〉, Ok}, Oˆ(t) acts as annihilator
operator Oˆ(t)|Ok〉 = 0. By (12) the state
|Ok(t)〉 := Sk(t)|Ok〉 , (19)
has time average
< |Ok(t)〉 >τ= |〈Ok|Ψ(Nτ)〉|
2|Ok〉 . (20)
|Ok(t)〉 is eigenstate of Oˆ with eigenvalues that may be
eitherOk or 0. Furthermore, by (15), |Ok(t)〉 is eigenstate
even of Oˆ(t)
Oˆ(t)|Ok(t)〉 = Ok(t)|Ok(t)〉 . (21)
Note that 〈Oj(t)|Ok(t)〉 = δjkSj(t). For any t, {|Ok(t)〉}
describes a one dimensional subspace H(t) of H that in
the time ∆N spans the subspace HN of H, with basis⊗
k
< |Ok(t)〉 >τ=
⊗
k
|〈Ok|Ψ(Nτ)〉|
2|Ok〉 . (22)
Let us give an example of how |Ψ(t)〉 and O define
each Sk(t), and therefore O(t), by considering the case
in which the unique non vanishing probabilities are
l(t) := |〈O1|Ψ(t)〉|
2 , |〈O2|Ψ(t)〉|
2 = 1− l(t) . (23)
Choose n1 = 1, n2 = 2. Eq.(3) implies tk,1(N) = Nτ .
k = 1 would imply t2,2(N) = t2,3(N), so that k = 2. By
(9) and (4) t2,2(N) = t1,1(N) and t1,2(N) = t2,3(N) =
t1,1(N) + τl(Nτ). Finally t2,4 = (N + 1)τ . Therefore,
O(t) =
{
O1 if t ∈ I1,1 ,
O2 if t ∈ I2,1 ∪ I2,2 ,
(24)
where
I2,1 = (Nτ, t11(N)] ,
I1,1 = (t1,1(N), t1,1(N) + τl(Nτ)] , (25)
I2,2 = (t1,1(N) + τl(Nτ), (N + 1)τ ] .
Microstates and Born rule.—In the following, we will
associate the probability of finding the value Ojk in a mea-
surement of Oj at a random time t ∈ ∆N to the sum of
the time intervals in ∆N associated to O
j
k. To this end,
we first generalize the previous construction to the set of
all observables {Oj}. Denote by tjk,l(N) the times asso-
ciated to each eigenvalue Ojk of Oˆ
j , defined in the same
way as in the case of Ok. The associate time intervals
have one more index labeling the different observables
Ijk,l(N) = (tk,2l−1(N), t
j
k,2l(N)] . (26)
Furthermore, the step function now is Sjk(t), defined as
in (11) but with Ok replaced by O
j
k.
The new ingredient is the relation between the time
intervals corresponding to each pair of observables, Oj
and Ok. Let us first investigate the case of times as-
sociated to a CSCO. We consider the example of the
basis state |En, l,m〉 in the Hilbert space of the hydro-
gen atom. As in (8), for any possible |Ψ(t)〉, we have∑
n,l,m |〈En, l,m|Ψ(t)〉|
2 = 1. Therefore, as far as the
time partition is concerned, E, L2 and Lz can be con-
sidered as a single observable O, with the correspond-
ing eigenvalues labeled by three indexes, that is On,l,m.
As in the case of a single observable, for each |Ψ(t)〉,
even On,l,m provides a partition of time. This implies
that, for any t, O(t) corresponds to On,l,m, with n, l,m
fixed by t ∈ {|Ψ(t)〉, On,l,m}. That is, the three ob-
servables have, simultaneously and for the time intervals
3{|Ψ(t)〉, On,l,m}, the valuesEn, l andm. Such a construc-
tion extends to all CSCO’s. In the following we denote
a CSCO by Oj with fixed j. The index of an eigenvalue
will be a multi-index, e.g. O1k = {E,L
2, Lz;n, l,m}.
For each CSCO Oj we define the microstate
|Mj(t)〉 :=
∑
l
|Ojl (t)〉 , (27)
By 〈Ojk|M
j(t)〉 = Sjk(t) it follows that the state |M
j(t)〉
jumps instantaneously from an element of the basis
{|Ojk〉} of H to another one. In particular,
|Mj(t)〉 = |Ojk〉 , (28)
with k such that t ∈ {|Ψ(t)〉, Ojk}. Also note that
|Mj(t)〉 is eigenstate of Oˆj(t) with eigenvalue Oj(t) =∑
k S
j
k(t)O
j
k
Oˆj(t)|Mj(t)〉 = Oj(t)|Mj(t)〉 . (29)
Furthermore, for any t > 0, (14) implies∑
k
〈Ojk|M
j(t)〉 = 1 , (30)
and by (15)
〈Ojk|M
j(t)〉〈Ojl |M
j(t)〉 = δkl〈O
j
k|M
j(t)〉 . (31)
Finally, for any t > 0 〈Mj(t)|Mj(t)〉 = 1.
By construction, each eigenstate |Ojk〉 in the microstate
(27) appears for a time interval which is proportional to
the probability of finding the eigenvalue Ojk in a mea-
surement of Oj in the state |Ψ(t)〉. As we will see in
more detail below, if the state is described by |Mj(t)〉
then a measurement at random times of Oj reproduces
the probability distribution provided by the rules of stan-
dard quantum mechanics.
Let us now consider the case of two non commutative
observables, Oj and Ok. Such observables define parti-
tion of times which are incompatible with the mentioned
correspondence between the probability distributions in
a measurement of Oj and Ok. The point is that a parti-
tion of time intervals requires that at each time a given
observable has fixed values. Therefore, for any t, the
eigenvalue Ojk may be or not the corresponding value of
Oj . The answer is yes or not, and corresponds to the
orthonormality condition 〈Ojl |O
j
k〉 = δlk. On the other
hand, expanding the elements of the basis |Ojl 〉 in (27)
in terms of the basis |Okm〉 one sees that, because of the
difference between Sjl (t) and S
k
m(t), the resulting expres-
sion of |Mj(t)〉 cannot correspond to the one of |Mk(t)〉.
In other words, for any |Ψ(t〉, non commutative sets of
CSCO, and therefore the associated bases in the Hilbert
space, define different partitions of time. This is how di-
rect simultaneous measurement of noncommutative pairs
of CSCO, and therefore even of single non commutative
observables, are excluded in the present formulation.
A property of microstates is that the probability of
finding the value Ojk in a measurement of O
j in |Mj(t)〉
at a random time t ∈ ∆N is proportional to the sum of
the time intervals between Nτ and (N + 1)τ . In other
words, by (4), we recover the Born rule
PNτ (O
j
k) =
1
τ
nk∑
l=1
(tjk,2l(N)− t
j
k,2l−1(N))
= |〈Ojk|Ψ(Nτ)〉|
2 , (32)
that can be also expressed in the form
PNτ (O
j
k) =< 〈O
j
k|M
j(t)〉 >τ=< |〈O
j
k|M
j(t)〉|2 >τ .
(33)
The last equality, consequence of (15), is reminiscent of
the standard quantum formula. The reason why the in-
terference terms do not appear in the square in (33) is
that the time partition induces the orthonormal prop-
erty (15). On the other hand, even if |Mj(t)〉 depends
only on the modulus of the 〈Ojk|Ψ(t)〉’s, the full infor-
mation in the state |Ψ(t)〉 can be reobtained from the
structure of the set {|Mj(t)〉}. In particular, the full
set {〈Ojk|Ψ(t)〉; k ∈ I} can be reconstructed from the set
{|〈Ojk|Ψ(t)〉|; k ∈ I, j ∈ J}.
The difference between PNτ (O
j
k) and the standard
value, that is |〈Ojk|Ψ(t)〉|
2, is of order t − Nτ . In this
respect, it is worth mentioning that at the present the
most accurate measure of time in a quantum experiment
concerns the absolute zero of time in the photoelectric ef-
fect. This has been measured to a precision better than
1/25th of the atomic unit of time, that is ≈ 10−18s [3].
This suggests that in a near future it will be possible to
consider experiments measuring scales of the Compton
time of the electron ≈ 10−20s. A possible experimental
test of the formulation is to perform multiple measure-
ments of the electron spin of identical prepared states, at
time intervals shorter than the Compton time, and check-
ing a deviation from the probability distribution due to
the granularity of the time partition. We also note that
neutrinos have a Compton time which is much bigger
than the one of the electron, therefore the jumps of their
quantum numbers should be more easily observed. This
may shed light on their oscillations.
It is immediate to check that
< Oj(t) >τ=
∑
k
|〈Ojk|Ψ(Nτ)〉|
2Ojk , (34)
so that we have that at ordinary quantum scales
< Oj(t) >τ= 〈Ψ(t)|Oˆ
j |Ψ(t)〉 . (35)
Note that integrating Oj(t) between ατ and (α + 1)τ ,
with α /∈ N, would give, in general, a different value
with respect to the case α ∈ N. The reason is that, as
4we said, periodicity of the time intervals can be chosen if
the |〈Ojk|Ψ(t)〉|’s are time independent. This means that,
besides (34), the quantum mean values can be obtained
by averaging over larger time intervals. The difference
remains extremely small.
Evolution of microstates after a measurement.—In the
present formulation the outcome of a measurement of an
observable at time t is the value of such an observable in
the corresponding microstate at that time. As we said,
such a value is always defined, namely |Mj(t)〉 = |Ojk〉
with k such that t ∈ {|Ψ(t)〉, Ojk}. The key point is that
the physical state is represented by the set {|Mj(t)〉}
rather than |Ψ(t)〉. This means that, due to the different
time partitions, each CSCO has a different time evolu-
tion, so that the outcome of a measurement of the CSCO
Oj is equivalent to act with |Oj〉〈Oj | on the correspond-
ing state |Mj(t)〉. The state of a physical system is then
represented by
|M(t)〉 := |M1(t), . . . ,Mn(t)〉 . (36)
The effect of the measurement of Oj at the time t0 is to
replace, for t ≥ t0, |Ψ(t)〉 by
|Ψ(t)〉 = U(t, t0)|M
j(t0)〉 , (37)
with U(t, t0) the time evolution operator. This has some
analogy with the measurement of a given physical quan-
tity of a classical object, such an operation is a pertur-
bation and then the future dynamics is determined by
reconsidering the equations of motion but with the new
initial data given by the outcome of the measurement.
If the measurement of Oj has given the value Ojk, then
there is a resetting of the time partition, fixed by the
new |Ψ(t)〉 in (37), associated to each one of the CSCO
O1, . . . , On. By (16) this fixes, for t ≥ t0, the set {S
j
k(t)}
and therefore |M(t)〉. Note that each CSCO has deter-
mined values but, due to the illustrated mechanism, the
outcome concerning a measurement of Oj followed by Ok
is in general different if the measurement is done in the
reverse order. It should be also observed that even if the
2njl and 2n
k
m times t
j
l,p’s and t
k
m,q’s are constrained by the
probabilities conditions, we do not know all their values.
We note that the outcome of a measurement can be
also described by acting on the quantum state |Ψ(t)〉.
This follows immediately by introducing the the mea-
surement operator
Mˆ j(t) =
∑
k
|Ojk(t)〉〈O
j
k(t)| =
∑
k
Sjk(t)|O
j
k〉〈O
j
k| , (38)
whose action on |Ψ(t)〉 is
Mˆ j(t)|Ψ(t)〉 = 〈Ojk|Ψ(t)〉|O
j
k〉 , (39)
with k such that t ∈ {|Ψ(t)〉, Ojk}.
Analogies with the path integral.—In [1] Dirac noticed
that an operatorial analogue of the Hamilton-Jacobi rela-
tions p = ∂qS, P = −∂QS, with S(q,Q, t) the Hamilton
principal function, follows by the correspondence
〈q + δq, t+ δt|q, t〉 ∼ exp(
i
~
δtL) . (40)
He then introduced the partition of the time interval t−t0
into n infinitesimal intervals tk = t0+nǫ, tn = t and used
the completeness relation to get [1]
〈q, t|q0, t0〉 =
∫ ∏
k
dqk〈q, t|qn−1, tn−1〉 · · · 〈q1, t1|q0, t0〉 .
(41)
Taking the limit ǫ→ 0 with nǫ fixed, leads to the Dirac-
Feynman path integral [1][2]
〈q, t|q0, t0〉 =
∫
Dqe
i
~
∫
t
t0
dt′L(q,q˙)
. (42)
Noticing that at time t0 the state corresponds to
ψq0(q, t0) = δ(q − q0), one sees that the wave functional
ψq0(q, t) = U(t, t0)δ(q − q0) , (43)
is identical to 〈q, t|q0, t0〉. Equivalently, we have |Ψ(t)〉 =
U(t, t0)|q0, t0〉, so that 〈q, t|q0, t0〉 = 〈q|Ψ(t)〉. In our for-
mulation, we are interested in |〈q|Ψ(t)〉|2.
Now note that the above time partition considered by
Dirac, also induces a partition of the q-space. This is in
the same spirit of our construction and suggests consid-
ering a modification of the path integral by considering
the position q as having a discrete spectrum
qˆ|qk〉 = qk|qk〉 . (44)
Space-time discretization should arise at the scales
where gravity starts playing the key role and where the
notions of causality and distance between events loose
their standard meaning, that is at the scales of the Planck
length ℓP =
√
~G/c3. We then consider the positions of
the particle the set {qk}, with qk+1 − qk = ℓP and define
Pr(qk) :=
∫ qk+1
qk
dq|〈q|Ψ˜(t)〉|2 , (45)
where
|Ψ˜(t)〉 =
[ ∫ q¯k+λ/2
q¯k−λ/2
dq|〈q|Ψ(t)〉|2
]
−1/2
|Ψ(t)〉 , (46)
with q¯k = qk + ℓ/2 and λ = h/mc the Compton wave-
length. One then can repeat the above construction even
for the position q by considering the time partition asso-
ciated to each qk, with |〈O
j
k|Ψ(t)〉|
2 replaced by Pr(qk).
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